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With symbolic computation, a bilinear Bäcklund transformation is presented for a nonlinear
Schrödinger equation with nonuniformity term from certain space/laboratory plasmas, and
correspondingly the one-soliton-like solution is derived from the Bäcklund transformation.
Simultaneously, the N-soliton-like solution in double Wronskian form is also given. Besides,
the authors verify that the (N − 1)- and N-soliton-like solutions satisfy the Bäcklund
transformation. The results obtained in this paper might be valuable for the study of the
nonuniform media.
Crown Copyright © 2009 Published by Elsevier Inc. All rights reserved.
1. Introduction
Nonlinear evolution equations (NLEEs) admitting soliton-like solutions are of much interest in many ﬁelds of science and
engineering [1–3]. Since Ref. [4] ﬁrstly revealed that nonuniform media, as the uniform ones, can also support multisolitons,
much attention has been paid to the study of the equations from the nonuniform media [5]. Remarkably the multisolitons
in these media can maintain their identities after mutual collisions even though their propagation velocities vary as a result
of the nonuniformity of the media. On the other hand, Refs. [6,7] have also pointed out that the propagation of waves in
real physical situations is strongly affected by both the nonlinearity and the nonuniformity of the media, so the study of
nonuniform media is also interesting for realistically physical applications.
In this paper we will investigate the following nonlinear Schrödinger equation with nonuniformity term from certain
space/laboratory plasmas [4,8,9]:
iut + uxx +
(−2αx+ 2|u|2)u = 0, α ∈ R, (1)
which can be used to describe the propagation of waves (Langmuir [8] or electromagnetic [9]) from an inhomogeneous
plasma with cubic nonlinearity. Here u is a function of the variables x and t , α is a real parameter, and the subscripts t and
x denote the “temporal” and “spatial” partial derivatives. Ref. [4] has studied Eq. (1) through the inverse scattering trans-
form method, and pointed out that the N-soliton solution can be obtained by the method of determinants. In this paper,
we would like to investigate Eq. (1) by employing the bilinear Bäcklund transformation (BT) method and the Wronskian
technique.
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for the NLEEs [10], and it works as a system of equations relating pairs of solutions of NLEEs [10,11]. Different from the
conventional BT, the bilinear BT is performed directly on the bilinear equation by dependent variable transformations rather
than on the original physical equation. Generally speaking, using the bilinear BT, one can obtain the multisoliton solutions
in Wronskian form [12], derive the Lax pair of the original equation [13] and construct some new soliton equations [14].
The outline of this paper is as follows: With the aid of symbolic computation [1–3,10], in Section 2, we shall ﬁrstly
deduce the bilinear form for Eq. (1), then derive its bilinear BT and analytic one-soliton-like solution. In Section 3, we shall
give the N-soliton-like solution in double Wronskian form. In Section 4, it will be veriﬁed that the (N − 1)- and N-soliton-
like solutions in double Wronskian form satisfy the bilinear BT. Section 5 will contain our discussions and conclusions.
2. Bilinear Bäcklund transformation
We consider a dependent variable transformation of Eq. (1), u = g/ f , where g is taken to be complex and f real. This
leads to the equation,
f
[(
iDt + D2x − 2αx
)
g · f ]− (D2x f · f − 2gg∗)g = 0, (2)
where ∗ denotes the complex conjugate and Dt , Dx and D2x are all bilinear operators introduced in Ref. [14]
Dmx D
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Eq. (2) splits naturally into two bilinear ones,(
iDt + D2x − 2αx
)
g · f = 0, (3a)
D2x f · f = 2gg∗. (3b)
Via symbolic computation, we derive the BT from bilinear system (3) as follows:
Dx(g
′ · f + f ′ · g) = μ(t)(g′ f − f ′g), (4a)
iDt(g
′ · f + f ′ · g) − [D2x + 2αx− λ(t)](g′ · f − f ′ · g) = 0, (4b)[
iDt + 2μ(t)Dx
]
f ′ · f = 2i Im(g′g∗), (4c)[
D2x + 2μ(t)2 − λ(t)
]
f ′ · f = 2Re(g′g∗), (4d)
where ( f , g) and ( f ′, g′) are two distinct solutions of bilinear system (3) with λ(t) and μ(t) as functions of the variable t .
Clearly we may replace Eqs. (4c) and (4d) by the single equation,[
iDt + 2μ(t)Dx + D2x + 2μ(t)2 − λ(t)
]
f ′ · f = 2g′g∗. (4e)
Next, we will prove that the set of Eqs. (4a)–(4d) constitutes a BT for bilinear system (3).
Let ( f , g) be a solution of bilinear system (3). What we need to verify is that ( f ′, g′) is another solution of the same
system, i.e.,(
iDt + D2x − 2αx
)
g′ · f ′ = 0. (5)
Here we also assume that ( f ′, g′) satisﬁes the bilinear equation (3b). Considering the following equation,
Q ≡ [(iDt + D2x − 2αx)g′ · f ′] f 2 − f ′2[(iDt + D2x − 2αx)g · f ]= 0, (6)
if we can prove that ( f , g) and ( f ′, g′) satisfy Eq. (6), Eq. (5) is satisﬁed naturally, that is, the set of Eqs. (4a)–(4d) constitutes
a BT for bilinear system (3).








′ · f + f ′ · g) · f ′ f ]+ (g′ f + f ′g)(g′g∗ − gg′ ∗)− (g′ f − f ′g)(g′g∗ + gg′ ∗)}− 2αxf ′ f (g′ f − f ′g)
= f ′ f
{
iDt(g
′ · f + f ′ · g) − [D2x + 2αx− λ(t)](g′ · f − f ′ · g)}− (g′ f + f ′g){[iDt + 2μ(t)Dx] f ′
· f − 2i Im(g′g∗)}+ (g′ f − f ′g){[D2x + 2μ(t)2 − λ(t)] f ′ · f − 2Re(g′g∗)}
= 0.
Thus we have completed the proof.
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u = 0 (we can choose g = 0 and f = 1) as a vacuum solution of Eq. (1) and substituting it into the BT, namely the set of
Eqs. (4a)–(4d), yield
g′ = γ eμ(t)x+i
∫ [λ(t)−μ(t)2]dt ,
f ′ = β1e
√
λ(t)−2μ(t)2x+2i ∫ μ(t)√λ(t)−2μ(t)2 dt + β2e−√λ(t)−2μ(t)2x−2i ∫ μ(t)√λ(t)−2μ(t)2 dt,
where μ(t) = i(c − 2αt), γ is an arbitrary complex constant, and c, β1 and β2 are arbitrary real constants. If u′ = g′/ f ′ is a
soliton-like solution of Eq. (1), g′ and f ′ still should satisfy Eq. (3b), that is, the constraint
4
[
λ(t) − 2μ(t)2]= |γ |2
β1β2
,
should be satisﬁed, implying that [λ(t) − 2μ(t)2] is a real constant.
In order to obtain an analytic expression for u′ , without loss of generality, we can choose γ = eη0 , β1 = eη1 and β2 = eη2 ,
where η0 is an arbitrary complex constant, and both η1 and η2 are arbitrary real constants. According to the constraint,























where P =√λ(t) − 2μ(t)2 = 12 eRe(η0)− η1+η22 , φ(x, t) = μ(t)x + i ∫ [λ(t) − μ(t)2]dt + i Im(η0), μ(t) = i(c − 2αt) with c as an
arbitrary real constant.
3. N-soliton-like solution in double Wronskian form
As we all know, the N-soliton-like solutions of many NLEEs can be formulated by the double Wronskian determi-
nant [15,16], which is deﬁned as
WN,M(ϕ,ψ) =
∣∣∣∣∣∣∣∣
ϕ1 ∂xϕ1 · · · ∂N−1x ϕ1 ψ1 ∂xψ1 · · · ∂M−1x ψ1
ϕ2 ∂xϕ2 · · · ∂N−1x ϕ2 ψ2 ∂xψ2 · · · ∂M−1x ψ2· · · · · · · · · · · · · · · · · · · · · · · ·
ϕN+M ∂xϕN+M · · · ∂N−1x ϕN+M ψN+M ∂xψN+M · · · ∂M−1x ψN+M
∣∣∣∣∣∣∣∣
= |N̂ − 1; M̂ − 1|,
where ϕ = (ϕ1,ϕ2, . . . , ϕN+M), ψ = (ψ1,ψ2, . . . ,ψN+M), and ∂( j)x denotes the jth partial derivative with respect to x.
We show that bilinear system (3) possesses the following analytic N-soliton-like solution in double Wronskian form,
f = |N̂ − 1; N̂ − 1|, g = 2|N̂; N̂ − 2|, g∗ = 2|N̂ − 2; N̂|, (8)
where the entries ϕ j and ψ j ( j = 1,2, . . . ,N) satisfy the conditions respectively:
ϕ j = eθ j , ψ j = e−θ j, ϕN+ j = −ψ∗j , ψN+ j = ϕ∗j ,
θ j = (k j − αit)x+ 2i
∫
(k j − αit)2 dt + θ(0)j , (9)
with k j as arbitrary complex constants.
Next, we will verify that the N-soliton-like solution in double Wronskian form satisﬁes bilinear system (3).
Firstly, based on expressions (8) and (9), we compute the derivatives of f and g with respect to x and t as below,
fx = |N̂ − 2,N; N̂ − 1| + |N̂ − 1; N̂ − 2,N|,
fxx = |N̂ − 3,N − 1,N; N̂ − 1| + |N̂ − 2,N + 1; N̂ − 1| + 2|N̂ − 2,N; N̂ − 2,N|
+ |N̂ − 1; N̂ − 3,N − 1,N| + |N̂ − 1; N̂ − 2,N + 1|,
gx = |N̂ − 1,N + 1; N̂ − 2| + |N̂; N̂ − 3,N − 1|,
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+ 2|N̂ − 1,N + 1; N̂ − 3,N − 1| + |N̂; N̂ − 4,N − 2,N − 1|,
ft = 2i
(−|N̂ − 3,N − 1,N; N̂ − 1| + |N̂ − 2,N + 1; N̂ − 1| + |N̂ − 1; N̂ − 3,N − 1,N| − |N̂ − 1; N̂ − 2,N + 1|),
gt = 2i
(−|N̂ − 2,N,N + 1; N̂ − 2| + |N̂ − 1,N + 2; N̂ − 2|
+ |N̂; N̂ − 4,N − 2,N − 1| − |N̂; N̂ − 3,N|)− 2iαx|N̂; N̂ − 2|.
Substituting them into bilinear system (3), we have
igt f − ig ft + gxx f + g fxx − 2 fx gx − 2αxg f = 8
[|N̂ − 1, N̂ − 1|(|N̂ − 2,N,N + 1; N̂ − 2| + |N̂; N̂ − 3,N|)
− |N̂ − 1,N + 1; N̂ − 2||N̂ − 2,N; N̂ − 1|
− |N̂; N̂ − 3,N − 1||N̂ − 1; N̂ − 2,N|
+ |N̂; N̂ − 2|(|N̂ − 2,N + 1; N̂ − 1| + N̂ − 1; N̂ − 3,N − 1,N|)]
= 8
(∣∣∣∣ N̂ − 2 0 N̂− 2 0 N − 1 N N + 1 N− 10 N̂ − 2 0 N̂− 2 0 N N + 1 N− 1
∣∣∣∣
+
∣∣∣∣ N̂ − 1 0 N̂− 3 0 N N− 2 N− 1 N0 N̂ − 1 0 N̂− 3 0 N− 2 N− 1 N
∣∣∣∣)
= 0,
where bold type is used to distinguish the contributions from the second half of the determinant, and we have made use




k j − k∗j − 2αit
)]2|N̂ − 1; N̂ − 1||N̂; N̂ − 2|





k j − k∗j − 2αit






k j − k∗j − 2αit
)|N̂ − 1; N̂ − 1|][ N∑
j=1
(
k j − k∗j − 2αit
)|N̂; N̂ − 2|].
Similarly, substituting the derivatives of f and g into Eq. (3b), we have
2 f fxx − 2 f 2x − 2gg∗ = 8
(|N̂ − 1; N̂ − 1||N̂ − 2,N; N̂ − 2,N|
− |N̂ − 2,N; N̂ − 1||N̂ − 1; N̂ − 2,N| − |N̂; N̂ − 2||N̂ − 2; N̂|)
= −8
∣∣∣∣ N̂ − 2 0 N̂− 2 0 N − 1 N N− 1 N0 N̂ − 2 0 N̂− 2 0 N N− 1 N
∣∣∣∣
= 0.
Thus f and g satisfy bilinear system (3), and we have completed the veriﬁcation.
4. Transformation between soliton solutions
Since the solution in Wronskian form is introduced, using the BT to obtain multisoliton solutions has became much
easier, and such a procedure has successfully been applied to many NLEEs such as the Korteweg–de Vries equation, the
Kadomtsev–Petviashvili equation, the sine-Gordon equation, etc. [16]. In this section, based on Wronskian technique, we
will show that the BT, the set of Eqs. (4a)–(4d), is a transformation between the (N − 1)- and N-soliton-like solutions
provided that
μ(t) = kN − k∗N − 2αit,
λ(t) = 2(kN − αit)2 + 2
(
k∗N + αit
)2 + (kN − k∗N − 2αit)2,
where kN is an arbitrary complex constant, that is to say, starting from the BT and choosing the appropriate functions
μ(t) and λ(t), we can construct the N-soliton-like hierarchy of solutions of bilinear system (3). Next, we will prove this
procedure.
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Wronskian form, i.e., expressions (8) and (9). Correspondingly the (N − 1)-soliton-like solution can be expressed as:
f ′ = |N̂ − 2; N̂ − 2|, g′ = 2|N̂ − 1; N̂ − 3|, g′ ∗ = 2|N̂ − 3; N̂ − 1|. (10)
For the sake of convenience of the proof, we rewritten them as follows:
f ′ = |N̂ − 2, σ ; N̂ − 2, τ |, g′ = −2|N̂ − 1, σ ; N̂ − 3, τ |, g′ ∗ = −2|N̂ − 3, σ ; N̂ − 1, τ |, (11)
where based on expressions (8) and (9), f ′ can be obtained by replacing the Nth column of f with the vector σ =
(0 · · ·0 (N)1 0 · · ·0)T , and the 2Nth columns of f with the vector τ = (0 · · ·0 (2N)1 )T , and similarly g′ and g′ ∗ can be obtained.
According to the determinant identity, we know that expression (11) is consistent with expression (10).
Computing various derivatives of f , g , f ′ and g′ , substituting them into the BT, i.e., the set of Eqs. (4a)–(4d), and making
use of Wronskian identities (B.1)–(B.3), one is able to show that the BT transforms between the (N−1)-soliton-like solution,
expression (11), and N-soliton-like one, expression (8). The following is the derivation procedure in detail.
1. The veriﬁcation of Eq. (4a)
Dx(g
′ · f + f ′ · g) − μ(t)(g′ f − f ′g) = g′x f − g′ fx + f ′x g − f ′gx −
(
kN − k∗N − 2αit
)
(g′ f − f ′g)























k j − k∗j − 2αit
)
f ′
= −4(|N̂ − 2,N, σ ; N̂ − 3, τ ||N̂ − 1; N̂ − 1| − |N̂ − 1, σ ; N̂ − 3, τ ||N̂ − 2,N; N̂ − 1|
+ |N̂ − 2, σ ; N̂ − 3,N − 1, τ ||N̂; N̂ − 2| − |N̂ − 2, σ ; N̂ − 2, τ ||N̂; N̂ − 3,N − 1|)
= −4
∣∣∣∣ N̂ − 2 0 N̂− 3 0 N − 1 N σ N− 2 N− 1 τ0 N̂ − 2 0 N̂− 3 N − 1 N 0 N− 2 N− 1 0
∣∣∣∣
= 0.
2. The veriﬁcation of Eq. (4b)
iDt(g
′ · f + f ′ · g) − [D2x + 2αx− λ(t)](g′ · f − f ′ · g)
= (ig′t − g′xx − 2αxg′) f + (i f ′t − f ′xx)g + (−i ft − fxx)g′ + (−igt + gxx + 2αxg) f ′
+ [2(kN − αit)2 + 2(k∗N + αit)2 + (kN − k∗N − 2αit)2](g′ f − f ′g)
= −4|N̂ − 1; N̂ − 1|(|N̂ − 3,N − 1,N, σ ; N̂ − 3, τ | − 3|N̂ − 2,N + 1, σ ; N̂ − 3, τ |
− |N̂ − 2,N, σ ; N̂ − 4,N − 2, τ |)+ 4|N̂ − 2, σ ; N̂ − 2, τ |
× (−|N̂; N̂ − 3,N| + 3|N̂; N̂ − 4,N − 2,N − 1| − |N̂ − 1,N + 1; N̂ − 3,N − 1|)
+ 4|N̂; N̂ − 2|(|N̂ − 3,N − 1, σ ; N̂ − 3,N − 1, τ | + 3|N̂ − 2, σ ; N̂ − 3,N, τ |
− |N̂ − 2, σ ; N̂ − 4,N − 2,N − 1, τ |)− 4|N̂ − 1, σ ; N̂ − 3, τ |(|N̂ − 2,N + 1; N̂ − 1|
− 3|N̂ − 3,N − 1,N; N̂ − 1| − |N̂ − 2,N; N̂ − 2,N|)
− 8|N̂ − 2,N, σ ; N̂ − 3, τ ||N̂ − 2,N; N̂ − 1| − 4|N̂ − 1, σ ; N̂ − 4,N − 2, τ ||N̂ − 2,N; N̂ − 1|
− 4|N̂ − 2,N, σ ; N̂ − 3, τ ||N̂ − 1; N̂ − 2,N| − 8|N̂ − 2, σ ; N̂ − 3,N − 1, τ ||N̂; N̂ − 3,N − 1|
− 4|N̂ − 3,N − 1, σ ; N̂ − 2, τ ||N̂; N̂ − 3,N − 1| − 4|N̂ − 2, σ ; N̂ − 3,N − 1, τ ||N̂ − 1,N + 1; N̂ − 2|
= 4
∣∣∣∣ N̂ − 2 0 N̂− 3 0 N − 1 N + 1 σ N− 2 N− 1 τ0 N̂ − 2 0 N̂− 3 N − 1 N + 1 0 N− 2 N− 1 0
∣∣∣∣
− 4
∣∣∣∣ N̂ − 2 0 N̂− 3 0 N − 1 N σ N− 2 N τ̂ ̂
∣∣∣∣0 N − 2 0 N− 3 N − 1 N 0 N− 2 N 0
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− 12
∣∣∣∣ N̂ − 3 N − 1 0 0 N̂− 3 0 N − 2 N σ N− 2 N− 1 τ0 0 N̂ − 3 N − 1 0 N̂− 3 N − 2 N 0 N− 2 N− 1 0
∣∣∣∣
+ 12
∣∣∣∣ N̂ − 2 0 N̂− 4 N− 2 0 0 N − 1 N σ N− 3 N− 1 τ0 N̂ − 2 0 0 N̂− 4 N− 2 N − 1 N 0 N− 3 N− 1 0
∣∣∣∣
+ 8




k j − k∗j − 2αit
)
= 0.
Similarly, Eqs. (4c) and (4d) can also be veriﬁed.
5. Discussions and conclusions
Currently, much attention has been paid to the study of the equations from nonuniform media [5] since Ref. [4] ﬁrstly
revealed that the nonuniform media, as the uniform ones, can also support multisolitons. Remarkably the multisolitons
in these media can maintain their identities after mutual collisions even though their propagation velocities vary as a re-
sult of the nonuniformity of the media. In the above sections we have, via symbolic computation, investigated Eq. (1),
a nonlinear Schrödinger equation with nonuniformity term from certain space/laboratory plasmas. In order to obtain the
analytic solution, we have bilinearized Eq. (1) via dependent variable transformation, proposed its bilinear BT, given its
N-soliton-like solution in double Wronskian form and then proved that the (N − 1)- and N-soliton-like solutions satisﬁed
the BT.
The discussions on the above results are as follows:
1. By the results above, we have shown that Eq. (1), like many important integrable nonlinear equations, is integrable in
the sense of having a BT. As we know the BT is a powerful tool in construction of soliton solutions, inverse scattering
transform, conservation laws, etc. [10,13], and starting from the BT, we have obtained the analytic soliton-like solution
which is realistically interesting for the study on the propagation of waves in plasmas.
2. By means of the Wronskian technique, we have progressively given the N-soliton-like solution in double Wronskian
form, and then veriﬁed in detail that the (N − 1)- and N-soliton-like solutions satisfy the BT. Using the BT, we can
construct the N-soliton-like hierarchy of solutions by iterative means. During the process of veriﬁcation we also notice
that the (N − 1)- and N-soliton-like solutions are only the special case of solutions obtained from the BT, and choosing
different functions μ(t) and λ(t) in the BT, we possibly get other physically interesting solutions.
3. Figs. 1 and 2 respectively provide us with the intensity evolution plots of one- and two-soliton-like solitons given by
expressions (7) and (8) with different parameters. Fig. 1(a) shows a one-soliton-like propagation situation without the
nonuniformity effect (α = 0). In such a situation the one-soliton-like wave propagates with an invariant velocity, energy
and amplitude. Different from Fig. 1(a), in the case of α = 0, the one-soliton-like wave in Fig. 1(b) is clearly affected by
the nonuniform medium, and its propagation velocity has changed, but it is worthy to be noticed that the wave still
keep the invariant amplitude, 4P2, and energy,
∫∞
−∞ |u|2 dx = 8P , where P is deﬁned in expression (7).
Fig. 2(a) displays the interaction of two-soliton-like wave without the nonuniformity effect (α = 0), which demonstrates
that two-solitons-like wave interact elastically at the moment of collision and keep their original shapes and velocities
H.-W. Zhu et al. / J. Math. Anal. Appl. 356 (2009) 193–200 199Fig. 2. The interaction plots of two-soliton-like soliton with parameters eθ
(0)
1 = 0.3, eθ(0)2 = 0.5. (a) α = 0, k1 = 0.5 − 0.3i, k2 = 0.6 + 0.25i, (b) α = 1,
k1 = 0.5+ 1.5i, k2 = 0.6− 0.25i.
just with a phase shift after the interaction. Compared with Fig. 2(a), Fig. 2(b) describes the interaction of the two-
solitons-like wave in the nonuniform medium (α = 0), and it can be seen that the wave propagation in Fig. 2(b), similar
to Fig. 2(a), can also maintain their identities after mutual collision, differing only in that their velocities have varied
with the time because of the effect of the nonuniformity of the medium.
4. To sum up, the BT, one of common characteristics of integrable equations, plays an important role in soliton theory.
Using the BT, we can obtain an analytic one-soliton-like solution from a trivial solution and construct the N-soliton-
like hierarchy of solutions by iterative means. The results obtained in this paper might be valuable for the study of
nonuniform media. In addition, the method used in this paper for constructing the BT may be applied to other higher-
order NLEEs and to coupled ones.
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Appendix A. Hirota bilinear operator identities
The following bilinear operator identities hold for arbitrary functions a(z), b(z), c(z) and d(z):
(Dza · b)d2 − b2(Dzc · d) = Dz(a · d + b · c)bd − (ad + bc)Dzb · d, (A.1)(
D2za · b
)
d2 − b2(D2z c · d)= (ad − bc)(D2zb · d)− D2z (a · d − b · c)bd + ab(D2zd · d)
− (D2zb · b)cd + 2Dz[Dz(a · d + b · c) · bd]. (A.2)
Appendix B. Wronskian determinant identities
The following are Wronskian determinant identities used in this paper:
N∑
j=1






|α1, . . . ,αN |, (B.1)
where α j (1 j  N) are N column vectors and bα j denotes (b1α1,b2α2, . . . ,b3α3)T .
|D a b||D c d| − |D a c||D b d| + |D a d||D b c| =
∣∣∣∣ D 0 a b c d0 D 0 b c d
∣∣∣∣= 0, (B.2)
where D is an N × (N − 2) matrix and a, b, c and d represent N-dimensional column vectors.
200 H.-W. Zhu et al. / J. Math. Anal. Appl. 356 (2009) 193–200|D1 a σ ; D2 τ ||D1 b; D2 c d| − |D1 b σ ; D2 τ ||D1 a; D2 c d|
− |D1 σ ; D2 c τ ||D1 a b; D2 d| + |D1 σ ; D2 d τ ||D1 a b; D2 c|
= −
∣∣∣∣ D1 0 D2 0 a b σ c d τ0 D1 0 D2 a b 0 c d 0
∣∣∣∣
= 0, (B.3)
where D1 is a 2N × (N − 1) matrix, D2 is a 2N × (N − 2) matrix, σ = (0 · · ·0
(N)
1 0 · · ·0)T and τ = (0 · · ·0 (2N)1 )T .
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